G 1 common kernel of all continuous homomorphisms G → R. The latter are of the form g → λ(H) with λ ∈ a * G , where g = g 1 exp H, g 1 ∈ G 1 , H ∈ a G . For general F , a * G := Hom(G, R) with dual space a G , characterize H = H G (g) by above condition for all λ.
Action of ia * G on unitary dual Π(G): π λ (g) := e λ(H G (g)) π(g).
Example: G = GL(n, F ), A G = F × , a G = R, H G (g) = 1 n log |det g|. Parabolic subgroup P has Levi decomposition P = M N . Fix special maximal subgroup K, then G = P K = M N K, write H P (mnk) := H M (m).
θ −1 P Fourier transform of characteristic function of + a P . For rk F G = 1, P(M ) = {P,P },
where mn ′ = n −1 mn, δ P (m) = e ρ P (H M (m)) = det(Ad n (m)) 1/2 . If G = GL(2, F ), M diagonal, then HP 1 x 0 1 = − log (1, x) for K-invariant norm on F 2 .
Invariant Fourier transform f (π) := trπ(f ) for f ∈ C(G) and π ∈ Π temp (G), where
Then tr π(f ) =
Definition 2 The tempered distribution I : C(G) → C has the Fourier transform
Example 1:
Tempered dual
All π ∈ Π temp (G) are constituents of Ind G P σ for some Levi L, σ ∈ Π 2 (L) (square integrable mod A L ) and P ∈ P(L).
for ℜλ in some cone in a * L . Compact picture: ψ| K . Meromorphic continuation for K-finite ψ.
Meromorphic normalizing factors r P ′ |P , so that
For w ∈ W L and generic σ,
Θ σ G vanishes on G ell (the set of g not contained in any parabolic over F ).
Example 2:
found for F = R and all g by Herb.
Arthur introduced set T (G) of virtual tempered representations, so that φ ∈ I(G) is determined by φ(τ ), τ ∈ T (G).
Any φ is determined by φ(τ G ) for τ ∈ T ell (L).
Example: For SL(2, R), replace limits of discrete series π 1 , π 2 by τ ± = π 1 ± π 2 . τ − ∈ T ell (G).
Weighted characters
L Levi in G, σ ∈ Π temp (L), In compact picture of Ind G P σ:
Replace R P ′ |P by J P ′ |P to get meromorphic J P (σ λ ) and φ P (f, σ λ ) for f ∈ H(G) (Heckealgebra). Theorem 2 (Arthur) There exist smooth functions
Invariant distributions
If π ∈ Π 2 (G) ⊂ T ell (G), then Φ M,G (m, π) vanishes unless m ∈ G ell , in which case it equals
Differential equations
Let F = R. π ∈ Π(G) has infinitesimal character χ π : Z(g) → C.
Fix maximal torus T , Levi L, τ ∈ T ell (L).
Theorem 3 (Arthur) There exist smooth functions
For parabolic P = M P N ⊃ T ,
Theorem 4 (W.H.) The system applied to (Φ M ) M ⊃M P is holonomic on T C ∩ G C,reg and has a regular singularity at ∞ on T C,P . For every λ ∈ t * C with χ λ = χ (where χ λ (z) = z T (λ)) there is a unique solution Ψ = Ψ P,λ onT C,P s. t.
For sufficiently regular χ, every solution is of the form
Problems: Describe Ψ M (t). The Fourier transforms Φ M,L (t, τ ) satisfy jump relations at singular t.
To determine c M ′ ,L (λ, τ ), we need jump relations for Ψ M (t).
Solved for rk R G = 1, G = GL(3, R).
Theorem 6 (W.H.) If G is arbitrary, T split, P minimal and σ(t) = t λ sufficiently regular, then 
